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An exoteric geometric mechanics model of ocular accommodation is detailed to elucidate the main ideas
of various ongoing modeling efforts. The present study derives solutions for the stretched state of the
ocular lens as it might appear during accommodation by using simple geometric arguments and a volume
constraint, rather than the more mathematically intensive theory of elasticity. Results show that geomet-
ric shapes similar to the lens will deform in a similar fashion. This implies that, while the true lens geom-
etry is somewhat more complex, it should also follow these qualitative behaviors.
Published by Elsevier Ltd.1. Introduction
Accommodation is the ability of the eye to change its focal dis-
tance from far to near. von Helmholtz (1855) stated that the optical
power of the lens decreases as a result of increased equatorial
diameter. Presbyopia – the loss of accommodation amplitude with
age – has been investigated as extensively as accommodation it-
self. Its pathogenesis is likely multifactorial, resulting from changes
in lens mechanical properties (Fisher, 1971; Weeber & van der Hei-
jde, 2007), lens volume (Sakabe, Oshika, Lim, & Apple, 1998), lens
geometry (Fisher, 1969; Strenk, Strenk, Semmlow, & DeMarco,
2004), extralenticular anatomy, or a combination of these factors
(Weale, 1989).
A litany of experimental support has been obtained for the
Helmholtz theory of accommodation (e.g. Glasser & Kaufman,
1999; Hermans et al., 2009; Koretz, Handelman, & Brown, 1984;
Pierscionek, 1993; Reilly, Hamilton, & Ravi, 2008; Strenk et al.,
1999, 2004). Extensive mechanical modeling of the accommoda-
tive system has also been undertaken (Chien, Huang, & Schachar,
2006; Koretz & Handelman, 1982, 1986), with most recent works
utilizing ﬁnite element analysis (Burd, Judge, & Flavell, 1999,
2002; Belaidi & Pierscionek, 2007; Weeber & van der Heijde,
2007). However, these models are not generally accessible to the
broader ophthalmic community due to the use of the specialized
language of mechanics. These models also require detailedLtd.
iversity in St. Louis, 660 S.
y).mechanical properties as input data. The available data for human
lenses (Fisher, 1971; Heys, Cram, & Truscott, 2004; Weeber et al.,
2005; Weeber & van der Heijde, 2007) have been questioned due
to both modeling assumptions and treatment of the lens tissue
prior to testing (Burd, Wilde, & Judge, 2006; Schachar, 2005,
2007), implicitly calling the results of these models into question.
We have recently published data on the mechanical properties
and optomechanical performance of fresh 6-month-old porcine
lenses (Reilly & Ravi, 2009; Reilly, Hamilton, Perry, & Ravi, 2009),
though no mechanical model has yet been developed utilizing
these data.
Therefore, we propose a model based solely on geometric
parameters that may be readily understood and used to analyze
the role of changes in lens geometry with age as a potential cause
of presbyopia. This model is exoteric and should be accessible for
the larger ophthalmic community. Further, its only required input
data are the equatorial radius and axial thickness of the lens, which
are well known from experimental observations. This model com-
putes changes in optical parameters which occur due to changes in
lens equatorial diameter assuming constant lens volume.
2. Methods
2.1. Geometric descriptions
The mechanical models of lens stretching available in the liter-
ature utilize a variety of geometric descriptions for the lens. We
assumed that the lens is symmetric about the optical axis. Thus,
the lens may be completely described as a surface of revolution
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which gives the cross-sectional proﬁle of either the anterior or pos-
terior surface of the lens. We assume that the lens must maintain
the same geometric shape class (i.e. an ellipsoid lens must remain
an ellipsoid after stretching), and that the volume remains con-
stant during stretching (Hermans et al., 2009). Each geometric
shape class has a corresponding radius of curvature, surface area,
and volume which are geometrically related to its proﬁle zðrÞ.
The initial equatorial radius a and axial thickness t for the hu-
man lens were taken as the average measured for 29-year-old
lenses as measured by Strenk et al. (1999) and Dubbelman et al.
(2005): 4.40 mm and 2.01 mm (half of the thickness of the whole
lens), respectively, for the human lens. Note that Strenk et al. mea-
sured the fully accommodated thickness as 3.96 mm, which is suf-
ﬁciently close to Dubbelman et al.’s result as to make no
discernable difference in the results. The initial parameters of the
six-month-old porcine lens were taken from Reilly et al. (2009):
5.02 mm and 3.93 mm for the equatorial radius and axial half-
thickness, respectively.
2.1.1. Spherical cap
The simplest geometry which may describe a lens-like object is
the spherical cap, which is simply a truncated sphere (Fig. 1A). The
functional form of its proﬁle is given by
zðrÞ ¼ t  Rþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  r2
p
; ð1Þ
where a is the equatorial radius of the lens and t corresponds to the
half-thickness of the lens. The radius of curvature R of the spherical
cap is uniform everywhere and is given by
R ¼ a
2 þ t2
2t
: ð2Þ
The surface area S is given by
S ¼ 2pRt: ð3ÞFig. 1. Depiction of the cross-sections of (A) spherical cap, (B) paraboloThe volume V of the spherical cap is given by
V ¼ p
6
tð3a2 þ t2Þ: ð4Þ2.1.2. Paraboloid
The paraboloid (Fig. 1B) is similar to a spherical cap, though per-
haps with a slightly more realistic proﬁle since R increases with the
radial coordinate r. The generating function is
zðrÞ ¼ t 1 r
2
a2
 
; ð5Þ
and the radius of curvature is given by
RðrÞ ¼ ð1þ 4t
2r2=a4Þ3=2
2t=a2
: ð6Þ
The reported values for R were computed by averaging the re-
sult of Eq. (6) at 100 evenly spaced points within the optical zone
(i.e. within 1.5 mm radius of the optical axis). The surface area S is
given by
S ¼ pa
6t2
ða2 þ 4t2Þ3=2  a3
h i
: ð7Þ
The volume V is given by
V ¼ p
2
a2t: ð8Þ2.1.3. Oblate spheroid
The spherical cap and paraboloid both exhibit discontinuity in
curvature at the equator. Therefore, this geometry is generally
not suitable for mechanical modeling purposes. The slightly more
complex oblate hemispheroid (Fig. 1C) gives a fairly accurate ﬁt
for the lens surfaces, where each surface has a minor radius equal
to its thickness, t. The major radius, which corresponds to theid, and (C) oblate spheroid geometries, and (D) torispherical dome.
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is speciﬁed by
zðrÞ ¼ t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
2
a2
r
: ð9Þ
The radius of curvature R decreases with radial position and is
given by
RðrÞ ¼
a2  ða2  t2Þ r2a2
h i3=2
at
: ð10Þ
The reported values for R are calculated in the same manner as
for the paraboloid (i.e. averaging over the optical zone).
The spheroid is characterized by an ellipticity e, which is calcu-
lated as
e ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t
2
a2
s
: ð11Þ
The surface area S of half of the spheroid is then given by
S ¼ pa2 þ p
2
t2
e
ln
1þ e
1 e
 
; ð12Þ
while the volume V is given by
V ¼ 2
3
pa2t: ð13Þ2.1.4. Torispherical dome
The torispherical dome is the intersection of a spherical cap
with a torus (Fig. 1D). This removes the complication of discontin-
uous curvature at the equator, in addition to giving a more accu-
rate representation of the lens. The cross-section of the dome is
given by
zðrÞ ¼
t  Rþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  r2
p
if r 6 rc;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2t  ðc  rÞ2
q
if r P rc;
8<
: ð14Þ
where Rt is the radius of the torus’s cross-section, c is the distance
from the optical axis to the center of the torus (i.e. c þ Rt ¼ a), and rc
is the critical radius at which the torus and spherical cap intersect.
The critical radius rc is given by
rc ¼ c 1þ RRt  1
 1" #
: ð15Þ
We assume that Rt remained constant at 0.75 mm. This assump-
tion gave realistic shapes at all displacements considered and only
slightly impacted the magnitude of some results, though the trends
were unaltered with variations of this value. The radius of curva-
ture of the spherical cap portion of the dome is given by
R ¼ R
2
t  t2  c2
2ðRt  tÞ ; ð16Þ
and is uniform within the optical zone.
The surface area of the torispherical dome is given by
S ¼ 2p cRt tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2t  ðc  rcÞ2
q
rc  c
0
@
1
Aþ R t  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃR2t  ðc  rcÞ2
q 24
3
5:
ð17Þ
The volume is given by
V ¼ p
2
2tR2  2R2t þ c2 þ 2RtR
 
ðR tÞ þ 3cR2t sin1
R t
R Rt
  
:
ð18ÞThe equatorial radius and axial thickness of the torispherical
dome are related transcendentally through the volume constraint.
Thus, the thickness of the deformed shape may be determined
numerically by setting V ¼ V0 and increasing c in Eq. (18). This cal-
culation was performed using the fzero function in MATLAB (The
MathWorks, Inc.; Natick, MA). The thickness was computed to a
tolerance of 1016 mm from an initial estimate equal to the thick-
ness of the unstretched lens.
2.2. Optical power
Once RðDÞ and tðDÞ were determined for a given geometry, the
optical power P was computed by assuming that the anterior and
posterior radii of curvature and thicknesses were equal. These val-
ues were then substituted into the thick lens formula (Smith,
1990),
P ¼ ðnL  nHÞ 2R
2tðnL  nHÞ
nLR
2
 
; ð19Þ
where P is the optical power, R is the radius of curvature in the opti-
cal zone, 2t is axial thickness of the whole lens, nL is the lens equiv-
alent refractive index (taken as 1.42 for human and 1.5088 for
porcine), and nH is the refractive index of the aqueous and vitreous
humors (taken as 1.336 for human and 1.3339 for porcine).
2.3. Simulating lens stretching
Once the initial geometry was established, the equatorial radius
was varied from a to að1þ DÞ such that D represents a fractional
change in equatorial radius relative to the unstretched state. The
volume of the lens was constrained to its initial value. This formu-
lation leaves only one free geometric parameter, the axial thick-
ness t, which is uniquely determined for each value of D via the
volume constraint. The radius of curvature was also computed.
Note that this required considering only half of the lens (i.e. the
anterior or posterior section) such that the predicted changes do
not allow for any transfer of volume across the equatorial plane
of the lens. However, this assumption is not necessary if one allows
for a lens which is symmetric about the equatorial axis. Therefore,
this assumption is not as limiting as it might ﬁrst appear and
should yield results which are qualitatively correct.
2.4. Comparison with data
The model results were then compared to the quantitative data
from the in vivo experiments of Dubbelman, van der Heijde, and
Weeber (2005) and in vitro experiments of Reilly et al. (2009).
Since the equatorial radius of the human lens was not measured
by Dubbelman et al. due to the presence of the iris, data relating
the equatorial radius to the accommodation demand in a 29-
year-old were taken from Strenk et al. (1999). The optical power
of the lens at each stretching state was calculated using Eq. (19)
with the refractive indices appropriate to the lens. By combining
these data sets, a comparison with the model was achieved.
The model was quantitatively compared to the data by comput-
ing the L2 norm. This norm gives the Euclidean distance between
the model and data. The L2 norm of a function yðDÞ is given by
kyðDÞkL2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ Dmax
0
jyðDÞj2dD
s
; ð20Þ
and the relative error in L2 norm is given by
ðerÞL2 ¼
kyðDÞ  ynkL2
jjynjjL2
; ð21Þ
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dictions for axial thickness, radius of curvature, surface area, or
optical power and yn are the corresponding data for 29-year-old hu-
man lenses (Dubbelman et al., 2005; Hermans et al., 2009).
3. Results
Figs. 2 and 3 compare the experimental data and the solutions
of the present model (described below) for both human and por-
cine lenses, respectively. The various geometric shape classes had
differing degrees of success in predicting experimentally observed
trends (Tables 1 and 2).
The closed-form solution for the thickness of the spherical cap
while maintaining a constant volume had three solutions. How-
ever, two of these solutions were complex conjugates and were
discarded. The remaining real solution was
tðDÞ ¼ v ðað1þ DÞÞ
2
v ; ð22Þ
where v is given by
v ¼
 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4ðað1þ DÞÞ6 þ  2
q
2
2
4
3
5
1=3
; ð23Þ
and  is given by
 ¼ 3a2t0 þ t30: ð24Þ
This gives a form for tðDÞ as shown in Fig. 2A and 3A. The rela-
tive radii of curvature, optical power, and surface area are also gi-
ven in Fig. 2B–D respectively.Fig. 2. Results for the 29-year-old human lens model. Dependence of (A) axial thickness,
capsule of various geometries on variation in the equatorial radius. The initial state was
data from Dubbelman et al. (2005). The optical parameter data for comparison are takeThe closed-form solution for the thickness of the paraboloid is
given by
tðDÞ ¼ t0
ð1þ DÞ2
; ð25Þ
which is also the relationship for the oblate hemispheroid.
No analytical relationship is possible for the torispherical dome
due to the transcendental nature of the volume constraint. The
numerical results closely coincided with the results from the other
two geometries (Fig. 2A).4. Discussion
In each of the test geometries, the thickness decreases and the
radius of curvature increases as the equatorial radius increases.
These are intuitive results which qualitatively agree with predic-
tions from numerous mechanical models (Burd et al., 1999, Burd,
Judge, & Cross, 2002; Belaidi & Pierscionek, 2007; Weeber & van
der Heijde, 2007) and experimental observations (Glasser & Kauf-
man, 1999; Hermans et al., 2009; Koretz et al., 1984; Pierscionek,
1993; Strenk et al., 1999, 2004) of pre-presbyopic lens behavior.
Trends in thickness and radius of curvature changes with equato-
rial stretching in the various test geometries bracket those ob-
served experimentally for the 29-year-old human lens (Fig. 4).
The 6-month-old porcine model overpredicts all optical parameter
changes relative to experimentally observed trends (Fig. 3).
This model allows qualitative prediction of lens behavior with-
out knowledge of mechanical properties of the lens or its capsule.
The similarity in magnitude of D and ðS S0Þ=S0 indicates that the(B) central radius of curvature, (C) surface area, and (D) optical power of an isochoric
taken from the equatorial radius data from Strenk et al. (1999) and axial thickness
n from Dubbelman et al. (2005).
Fig. 3. Results for the 6-month-old porcine lens model. Dependence of (A) axial thickness, (B) central radius of curvature, (C) surface area, and (D) optical power of an
isochoric capsule of various geometries on variation in the equatorial radius. The initial state and regression data are taken from Reilly et al. (2009).
Table 1
Percent relative error in L2 norm for human/porcine lens parameters.
Spherical cap Paraboloid Oblate spheroid Torispherical dome
t 4.5/5.7 6.1/9.4 6.1/9.4 9.8/6.5
RA 32.0/23.6 38.3/44.1 15.0/9.7 9.5/22.6
RP 13.7/7.9 5.2/24.9 89.3/39.9 52.0/9.4
P 6.3/3.5 17.7/28.5 34.7/20.4 16.9/4.1
Table 2
Percent relative error in L2 norm for normalized human/porcine lens parameters.
Spherical cap Paraboloid Oblate spheroid Torispherical dome
t 4.5/5.7 6.0/9.4 6.0/9.4 9.8/6.5
RA 13.6/7.0 9.3/17.5 7.4/22.4 3.5/8.4
RP 2.9/12.8 7.4/23.7 9.6/29.0 21.4/14.3
P 4.5/6.3 1.0/9.2 2.1/15.8 8.9/7.1
334 M.A. Reilly, N. Ravi / Vision Research 50 (2010) 330–336‘‘radial strain” given by D is a rough estimate of the tensile strain of
the lens capsule.
Differences between the model predictions and experimental
data may be due to a variety of factors: the model does not account
for lens asymmetry about the equatorial plane nor the role of lens
cellular architecture. These factors are both signiﬁcant limitations
to the proposed model. However, the agreement with in vivo
experimental data from the 29-year-old human lens indicates that
even this simple model is capable of capturing many features ofin vivo accommodation without needing any mechanical property
or capsular thickness data.
Model predictions based on the torispherical dome geometry
were largely insensitive to the assumed value of Rt . The results
were qualitatively similar for any physically reasonable value (i.e.
up to 1 mm) with only small changes in the quantitative results.
We also investigated an alternative method in which Rt was spec-
iﬁed as a ﬁxed fraction from 0.05 to 0.25 of the equatorial radius.
Again, the qualitative results were unchanged, with only slight
quantitative changes. These ﬁndings indicate that this method is
robust for predicting qualitative changes in optical parameters of
a lens due to stretching given the assumptions of geometric form
and constant volume.
Future modeling efforts may account for asymmetry, or even
speciﬁcation of different shape classes for the anterior and poster-
ior portions of the lens. For example, the anterior segment appears
to be particularly well modeled using the torispherical dome,
whereas the posterior is best ﬁt by the spherical cap. Combining
these two geometry classes, along with new information regarding
the relative thickness of the two segments of the lens from Her-
mans et al. (2009), should allow improvements in the model’s pre-
dictive power. Further, this model may be used to examine the role
of various geometric parameters in the pathogenesis of presbyopia.
For example, the radii of curvature, lens thickness, and change in
equatorial radius all change with age. This model allows us to com-
pare the relative effects of each of these parameters on changes in
accommodation amplitude with age. This will also give insight into
whether volume changes in the lens are an important cause in
presbyopia, or if mechanical property change is the only important
factor.
Fig. 4. Cross-sectional proﬁles of the lens at D ¼ 0, 0.05, and 0.10 for the initial states of the 29-year-old human lens (left) and 6-month-old porcine lens (right) for four
different geometries: (A and B) spherical cap, (C and D) paraboloid, (E and F) oblate spheroid, and (G and H) torispherical dome. Initial states are speciﬁed using equatorial
radius from Strenk et al. (1999) and thickness from Dubbelman et al. (2005) for the human lens and all data from Reilly et al. (2009) for the porcine lens.
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